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ISOTROPIC POROELASTIC MEDIUMY

Yu. N. GORDEYEV

Moscow
(Received 24 March 1994)

The problems of plane and axisymmetric disk-shaped cracks in hydraulic fracture [1, 2] are considered in transversely-isotropic
poroelastic media saturated with fluid. The crack is opened up by a flux of viscous fluid filtering through a stratum. The stressed
state and deformation of the poroelastic media is described by the Biot equations [3]. An analytic solution is found for a stationary
“ideal” disk-shaped crack along which the pressure is constant.

In classical hydraulic fracture theory [1, 2, 4, 5] for an isotropic stratum, effects associated with poro-
elasticity have been ignored in the description of crack propagation [6-9]. However, poroelastic effects
are important in most problems of practical interest [10-12]. Moreover, the actual media in which
hydraulic fracture occurs are, as a rule, anisotropic.

Hydraulic fracture problems for an isotropic poroelastic medium have been considered previously
[10-18]. This paper develops a method for solving hydraulic fracture problems for transversely-isotropic
media. This, together with the results obtained, generalize the approach and some of the results of [18].

1. STATEMENT OF THE PROBLEM

Suppose there is a plane (axisymmetric) crack in an infinite transversely-isotropic porous space
saturated with fluid and that there is a homogeneous compressive stress field 6., supported in an open
state by fluid injected into it. The injected fluid moves along the crack (radially) and can filter through
its walls into the porous space. It is assumed that the plane crack is perpendicular to the axis of symmetry
x,, and the x; axis is directed along (lies in the plane) of the crack. It is moreover assumed that the
radius of the borehole ry is much smaller than the crack length L, so that effects due to the borehole
can be ignored.

To describe the deformation of the transversely-isotropic porous medium saturated with fluid we use
the Biot equations for coupled consolidation [3] (i,j, k = 1, 2, 3; summation is carried out over repeated
indices)
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Here (1.1) is the equilibrium equation, (1.2) are governing relations, (1.3) are the continuity equations
for a filtering fluid, and (1.4) is D’Arcy’s law for a transversally-isotropic porous medium, o;; is the total
stress tensor, €; is the strain tensor, E and E’ are Young’s moduli, and v and v’ are Poisson’s ratios for
a poroelastic medium, G and G’ (G = E/([2(1 + v)]) are shear moduli, p is the pore pressure, m is the
mass of permeating fluid per unit volume, m and p, are the mass and density of the permeating fluid
in the undeformed state, k;, k3 and k; are the permeability coefficients in the plane perpendicular to
the axis of symmetry and in the direction of the axis of symmetry, p is the viscosity of the fluid, u; is the

filtration rate in the ith direction, and J; is the Kronecker delta.
The parameters n and 1’ can be expressed in terms of the parameters o and o introduced in [14]
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where E, and Ej, are Young’s moduli and v, and v, are Poisson’s ratios appropriate to the condition
that the fluid cannot leave the medium, and 4 and B are the Skempton parameters.
We will describe the motion of the injected fluid along the crack by the continuity equation and
Poiseuille’s law
dJ 1 9 ., w? 9
§W+F E(x, wu)=—21),_, U=—-—— —p,.
where w is the size of the opening between the crack edges, p, is the pressure of the fracture fluid injected
into the crack, vy is the rate of leakage of the fracture fluid into the stratum across the crack walls and
n is the symmetry index for the problem (n = 0 for a plane crack and n = 1 for an axisymmetric crack).
At the crack edges we impose the following boundary conditions

(1.5)

p(x,t) = p(xy, x, =0,¢) (1.6)

(1.7)
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2. THE PLANE PROBLEM

In the plane strained state (e3; = 0), which will be considered again later, the governing relations
(1.2) take the form
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Here the equilibrium equations (1.1) can be written in x; and x, coordinates in the form

In order to satisfy the equilibrium equations (2.2) identically for the plane problem we introduce the
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Airy function (a, o’ = 1, 2, summation is not performed over repeated Greek indices)
Ogp = (—D**P2F 1 3x;_o0xy (23)
From the deformation consistency conditions
9%y, 19x} + 9%, 1 9x? =29%,, / dx,0x,

and the governing relations (2.1) using (2.3) we obtain
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To solve Eq. (2.4) we introduce complex variables through the formulae z, = x; + i, and their
complex conjugates zg = X; — il X2.
Let p, and y, be roots of the equation

p—api+a,=0 2.5)

The left-hand side of Eq. (2.4) can be written in the form
4

2 ___a____ F
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In order to obtain a complex representation of the right-hand side of Eq. (2.4) we use properties of
the roots of Eq. (2.5). They are either real (1, = iy, M2 = Wy, M3 = —Jy, Hg = —{1p) OF complex-conjugate
(b1 = 1, W2 = 1L, 3 = 4 Py = —). If the roots of Eq. (2.5) are real, then 2§, = Z,.. If they are complex-
conjugate, then z¥ = Z;_,. Equal roots correspond to isotropic elasticity theory [20], and we do not
consider this case. From what has been said, the following complex representation can be obtained for

Eq. (24)
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(The independent variables x; and x, are either expressed in terms of complex variables z; or ziorin
terms of z,, 23.)

To integrate Eq. (2.6) we use the following method [19]. The independent variables x;, x; and the
functions F and p are taken to be complex. In this situation the new variables z;, z{ and z,, z% become
independent. At the same time the independent variables z;, z1 can be expressed in terms of 2,, z5 and
vice-versa. After performing the required calculations one returns to the original variables in which x,
and x, are real, and z, and z% (& = 1, 2) become conjugate values of a single complex variable.

Integrating Eq. (2.6) and using the fact that in the change to real variables x; and x; the Euler function
F should be real, we obtain

2 eoe 1 5 . .
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where f1(z1), f2(z2), 1(z}),  3(z3) are analytic functions and 2oy, 2§, 2o, 20 ate constants.
Using the fact that in the change to real variables x, and x, the Airy function F should be real, we
obtain: for real and distinct roots of Eq. (2.5) f4(z%) = fu(z), and for complex-conjugate roots f4(z3)

= f3-ol230) -
Substituting (2.7) into (2.3) we obtain a representation for the components of the stress tensor
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Here ®4(z) = f’o(zo) are analytic functions.
From (2.9) and (2.10), using the equalities
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we express the real and imaginary parts of the analytic functions & in terms of the stress tensor and
the pore pressure
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We also find a representation of the displacement field of a poroelastic medium in terms of the same
analytic functions @,
Substituting (2.8)—(2.10) into (2.1) and using the relations

2 ) 2 d
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we obtain the displacement field
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The partial derivative of the displacement field with respect to x;
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is needed below.

Specifying the load on the upper and lower edges of the crack, we obtain a Dirichlet problem in the
exterior of a cut for two analytic functions ®,(z,) (a = 1, 2) (2.14) and (2.15). Using the superposition
principle we represent the stress and displacement fields in the form of sums of two fields: one of them
corresponds to a continuous body under the action of loads applied with the body (6., is a uniform
compressive stress and p.. is the unperturbed pressure of the permeating fluid), and the second to a
body with a slit along the surfaces to which loads are applied. Here the boundary conditions at the crack
edges have the form

03 =0 = p(x1,1), Oy =0, x, =00 (2.17)

In order to solve the boundary-value problem (2.12), (2.13) it is also necessary to specify the values
of the function Im Q,, along the crack edgesx, = 0 + 0.
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It can be shown that at the crack edges Re O, = 0 (o = 1, 2). In particular, in the axisymmetric case
this will be demonstrated below.

Consequently, the boundary-value problem (2.14), (2.15), (2.17) for the functions ®y(z,) (o0 = 1, 2)
can be written in the form

+

T 2 +
2RC[§, ¢‘;(z(,)] =-Z*(x,.1), 2Im[2 uacb;(za)] =nT*(x.1),  lxi<! (2.18)
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The solution of the Dirichlet boundary-value problem (2.18) for a slit can be obtained by standard

methods [19] and has the form
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(Cy is a constant).
Substituting the functions ®((z,) (o = 1, 2) into (2.16), using the Sokhotskii-Plemel formula and
integrating over x;, we obtain the crack opening in the transversely-isotropic poroelastic medium

w(x,t) =
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T, =2, TZ =ImQ (2.20)

Here the Barenbatt fracture criterion [2] for a transversely-isotropic medium can be written in the
form

! Z(Q,t)C"dQ_ K
(f) oo —72—'7 (2.21)

where K] is the adhesion coefficient, and for a plane crack n = 0, while for an axisymmetric crack
n = 1. Because the parameter m occurs in Z({, f) the resulting fracture criterion differs from the
corresponding criterion for an elastic body.

In the limit as  — 0 formula (2.20) gives the crack opening in the transversely-isotropic elastic body.
If we also have p; = p, = 1, then (2.21) reduces to Sneddon’s formula for an isotropic elastic body.

The second term in expression (2.20) gives the non-local contribution to the crack opening from the
pressure distribution p of the fluid permeating the medium. The problem of calculating this term in
the axisymmetric case will be considered in Section 6. '

In such an approach one can thus integrate those equations of the coupled theory of transversely-
isotropic poroelasticity which describe the deformation of the body. Here the problem of hydraulic
fracture reduces to the pore pressure transfer equations (1.3) and (1.4) and a functional relating the
crack opening (2.20) to the pore pressure. The fluid transfer equations, after transformation, can be
reduced to a single diffusion-type equation for the pore pressure only with non-local sources associated
with the change in the permeability of the medium when it is deformed.

3. THE AXISYMMETRIC PROBLEM

To describe the axisymmetric deformation of a porous medium saturated with fluid and a fluid filtering
through it one uses the coupled consolidation equations (1.1) and (1.2) in a cylindrical system of
coordinates (¢,j, k =r, ¢, 2).

In the plane strained state an Airy function was introduced and the solution was then found using



650 Yu. N. Gordeyev

analytic function theory, but this approach is inapplicable to the three-dimensional axisymmetric
problem. Hence for the three-dimensional poroelastic problem we proceed as follows: we write the
equilibrium equations in displacements, and then solve them using the theory of generalized analytic
functions.

The equilibrium equations in displacements have the form

02 ofad 1 2’ dJd
[AMF+AII§;($+;)]WI+(A|3+A44).a_za_r“}2 =b|$p
d  1)9 o? 9 .1 )
R e *["-“az—“"“(s;*:)]‘”z “oor? G
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b = E n(An"'Alz"'An-'-%} 2T T](A33+2A13 nT"E)

where w; is the radial displacement, and w;, is the displacement along the direction of the axis of symmetry
of the problem.

Unlike the equilibrium equations for an elastic medium, the equilibrium equations for a poroelastic
body (3.1) contain derivatives of the pore pressure and so the method of solving these equations
presented in [20] cannot be directly applied to this case.

We introduce the notation

D=Aj;+Ay,. Aj=A33‘A44“;2’ B,'=A||H_,_'2—A44; j=12 (32)

where ; are the roots of the characteristic equation

D’uj’ = A;B; (3.3)
Multiplying the first equation in (3.1) by B,D and the second by A4,D, we transform them to the form
dJ ) d d 1 d
AIIB'EGI +A¢4D'(‘_);GZ =0, A“DEZGI _AlAM(E-F:)GZ =C52'p (3,4)
Db, J 1 d d d
=21 — e — A — R G, =B — - D— 3.5
G A, ”+D(ar+r)w'+ 132 "2 2=B5 wmi-Darw, (3.5)

C= D(b2A| - bl DA:“ / A“ )

Solving in turn first system (3.4), and then (3.5), we find the displacements w; and w, in the poroelastic
medium. The choice of the coefficient in front of the pore pressure p in (3.5) enables one to eliminate
dp/dr from system (3.4), which is a necessary condition for applying generalized analytic function theory.

We represent Egs (3.4) in the form

ol 9 4019
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or{ oz
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We introduce complex variables, the variables conjugate to them, and derivatives with respect to those
variables by the formulae
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ty =Pz +ir, ty=Mez—ir, o=12 (3.7
NEIER B 9 _.ad .9
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We first multiply the first equation in (3.6) by i and add it to the second equation, and then multiply
the first equation in (3.6) by —i and also add it to the second, and then using (3.7) we obtain

) _v. - a 9 .+ _V2-V¥y -V, 6
- = 35 P 2— - = S B

where Yo = (a/aZ)(pzAz) \|l2 = (3/82)(p2A ) and AN=U, + le, A2 = U2 - lV2
Integrating (3.8) we find

o
=Xt ﬂza Ildgzv ‘I’o X2+ lea Il’d‘éz (39)

'20 0

Here %, and %3 are arbltrary generahzed analytic functions (i (‘ e. functions satisfying the equations
20%/0t*; — (X2 — X2)/(t2 = £3) = 0 and 20x3/3t; ~(x2 ~ x3)/(t2 — 3) = 0 [20]).

Introducmg in place of the generalized analytic functions y, and %3 the functions ¢, = d(p)2)/dz and

93 = d(p,)3)/dz which are also generalized analytic functions, and integrating Eqs (3.9), we obtain

. l h N . . l 5]
U,y +iVs) = py@, +5‘\2 I pdEy.  py(Uy —iVy)= i@y += My | pd, (3.10)

120 20
(the constant p, will be determined below).
Expressions (3.10) give the solution of the system of equations (3.4). Using these solutions we seek
a solution of the linear system of equations (3.5) in the form of a superposition

wy Wi

[+ (3.11)

wy Wal W

Jd 1 d J Jd
D(‘g—r"' l)wn +A ; Wy =0yp, B aa Wiy — D% wy =0 (3.13)
Db, A2C
o, +0,=—, o —5 3.14

N T AAL D ) (314)

The solution of system (3.12) is given by the expressions
Wi ==py Vs, wy = Uy, 0y =D(UyB,)”! (3.15)

The system of equations (3.13) is solved using expressions (3.7) and (3.14) in the same way as system (3.12)

Wiy ==pV,  wy = plU (3.16)

. R _ Lo
pUp +iv) = pg, +‘2"1| .[ P&y, p(U,—-iV)) = pg, "’3‘11 } pdg,
o ho

. Boyy, -1 Db,

, o =D(WB), o,=—-a
n = D 1 = D(u,By) 2= "™
(9, and @] are generalized analytic functions and the constant p, is determined below).

Because it follows from (3.11), (3.15) and (3.16) that
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wi = =gV = pyr Vs, wy = U+ pyU, (.17)

we impose evenness conditions on the functions U}, V; (j = 1, 2), which follow from the symmetry of
the problem

Ui(z.r)=U(z,-r).  Vi(z,r)=-V(z,~r)

Hence it follows, using (3.10), that @;(z;) = ¢}(t}),

We consider the two possible cases fl or the roots of Eq: (3.3)

1. Imuj—-OsothatU U],V p e @*(t) = (p,(t)

2. Im M # O,p = uz, so that U U V3_j = V3__,, ie. (p’g_‘,(t:;_‘,) = (p3_1(t3_j) .
Thus using the evenness COl‘ldlthl’lS, from (3.10), (3.15) and (3.16) we obtain

2 2
wy =Re X {i0ypa9, — 15}, w;=Re Zl {Pa@e +1x) (3.18)
a=

u=l

. e Iy .
1£=':Ina[1 pd§, + J p”éa]

oty fon

We put p; = g;. (Here and below we use the notation introduced in Section 3.) We express the stresses
in terms of the deformations from (1.2), and then using (3.18) and the fact that the roots of the character-
istic polynomial are either real or complex-conjugate, we obtain a representation for the components
of the stress tensor in terms of two generalized analytic functions

2
Z Pa(z5) =0, +xnp+nRe 2 KOy (3.19)
2
Im a(p:x(za)=orz _nIm Z p'uKaQa (320)
o=l o=l
9 fa *
=? I déap(éa’t(x)

o e

To change from the generahzcd analytic functions ¢, (0. = 1, 2) to ordinary analytic functions we
use the integral operators Stand S; (i = 1, 2) [20].

Thus, if pisa generahzed analytlc functlon then ® = ¢ is an ordinary analytic function.

The contour of integration for the operators §;” ! and S is chosen to be the stralght line perpendicular
to the x axis and passmg through the point z = z;,. In thls case the operators S;* and S; do not depend
on the index i, i.e. §! = S and S; = S, and when @; and @ satisfy the evenness COHdlthIlS, they can
be written in the form

.
®,(1;)=5"g; =sign(y)%j [rReq;,.(r,.)+iylm(p,.(r,.)]—-zi’—7 = 55" Reg, +is;' Im g,
0 V212
(p,'(tl‘):: S(b, = '1%_[ [rRe¢,(0,)+l)’Im¢,(G, )]_224'1_2_ = SO Re(bl‘ +is] Im (b,- (3.21)
0 r-—-y

(1,=t; =Mz+ir, x=z=2z5, § =0;,=px+iy)

Using the operators ;! (k = 0, 1) we change in representations (3.19) and (3.20) from generalized
analytic functions to ordinary analytic functions

Re ); @ (25) = 55 [6 +xmp+nRe 3 KaQ«} (3.22)

o=l
2 ’ ~1 E
Im 3 HePo(Z) =5 [0y —-nIm zl HoKoo
o=l a=

We will formulate a mixed boundary-value problem for the analytic functions ®,(z,) (a = 1, 2), using
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the super-position principle, i.e. representing the stress and displacement fields in the form of the sum
of two fields, one of which corresponds to a continuous body with loads applied inside the body (c..
being a homogeneous compressive stress and p.. being the unperturbed pressure of the permeating fluid),
and the second to a body with a cut with applied surface loads
G.=p-0.. G,=0 (3.23)
The operators 5; . (k = 0, 1) relate the three-dimensional axisymmetric strained state (z, r) of
the plane state symmetric abut the axisx = 0 (y = z, r — x). Bearing in mind that the value of the
radicals in the operators sy have opposite signs at the two edges of the cut, and setting the
CONStants Ty, L (o = 1, 2) to zero, to satisfy the symmetry conditions (about the x = 0 axis) we obtain
from (3.22) that

+

2 * 2
Re[z.;,l D (2 )] —[Solz(" O, ImLZ=I Mo P (24 )] ="lsy 'T(r,n)* (3.24)

2
Ixl<l, ZXr.ny=p(rt)-c.-nx(p(r,)=p.), THr,)=-Im Y p K,Ox

a=|

Here we have used 1) Re %, Kypq = g, Which we will justify later.

The solution of the Dirichlet boundary-value problem for the cut (3.24) is similar to (2.19).

Differentiating expression (3.18) with respect to and changing from the generalized analytic functions
@'(Ze) to analytic functions ®}(z,) using the operators s, and s; ! (k = 1, 2), we substitute into this
expression the functions @,(z,) found from the solution of boundary-value problem (3.24). Then, using
the Sokhotskii—Plemel formula and integrating over r, we find the crack opening

o 20=vPE ) U (5, edCdl L W 3.5
w(r,1) = TN {(I) N N +1nr1mZ=l KaWo (3.25)

I
o=f T,&.0d8, T,=(TF-T;)/2, T;=ImQ;

Here we have used the Barenblatt fracture criterion (2.21) for a transversely-isotropic medium.

All the conclusions in Section 2 concerning fracture criteria for various limiting cases and the transfer
equations for the pore pressure in the plane strained state remain true for the axisymmetric problem.

In the following sections we obtain the solution of the steady axisymmetric problem and we are shown
how a real variable can be obtained in the second term of formula (3.25).

4. THE STEADY SOLUTION

We consider the steady hydrofracture problem in a transversely-isotropic porous fluid-saturated
medium with an axisymmetric non-moving crack of radius / = const. Here it is assumed that the pore
pressure of the fluid depends only on coordinates r and z (p(r, ¢, z, t) = p(r, z)). Here the fluid transfer
equation in a transversely-isotropic porous medium (1.3), (1.4) in cylindrical coordinates reduces to a
Laplace equation for the pore pressure

K 92 2
" EF(ar ) "z[az”) 0 (4.1)

Because of the symmetry of the problem about the z = ( plane we will formulate the boundary-value
problem for the Laplace equation (4.1) in the upper half-plane z > 0

p(r,z2=0)—-p, = po(r)-p., 0=r<l; —%p(r,z=0)=0, r>1 4.2)

p(r.zoe)~p, =0
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Boundary-value problem (4.1), (4.2) in cylindrical coordinates can be solved by the method of dual
integral equations [21].

We will consider the special case of an ideal crack, i.e. a crack with a high hydraulic conductivity.
The pressure distribution for fluid in such a crack can be taken to be approximately constant along its
edges

Po(r) = p, = const 4.3)

The solution of boundary-value problem (4.1), (4.2) with (4.3) has the form

P(r',z)=£(po-p,n)arcsin( +2l _J, Pi=1/(lir)2+x2z2, X‘—‘\/E (4.4)

+p

Changing to complex variables #;, £} (3.7) in expression (4.4), we obtain

=t 4+) . . 2 _
p(r,2)= p[j—zlr—"-, Jszj) = p(4j:1;) = 7 (po — p..)arcsin Z 4.5)

Z=2ft.t))+ (&)
flv)= (U -i(~a)u+iw ol +i(-ov—iwu)®, o=@ +x) /@)
The tilde over the pressure p(t;, t3) is henceforth omitted.

The hydraulic fracture opening in a transversely-isotropic poroelastic medium can be obtained by
substituting (4.5) into (3.25)

2[1-v2E [ 2 2
W(r) = [ :’tE’Jf:ll;"'uZ) {l[po -G, + nK(po = P )] | —(';) + maz=l Kawa} (4.6)

The functions W, are determined in terms of elementary functions, but in the general case they are
rather complicated and their form depends on the parameters a;, i.e. on the roots of the characteristic
equation (3.3) ; (j = 1, 2) and the ratio ), = V(ky/k,). Hence we give the function W, only for real roots p;
of the characteristic equation, and consequently for real 0. :

IfVip < a;, < 1 we have
X (z@; : )

20, -1
W, o= —_——
R {2 1" 20,1 P27
- arcct -
Ql—sﬂj '\/l_sﬂj V-2

2 l+k-a; , (I-o;)oy
-Y |arctg,|-——, ——arctg [——— L8
k=) gd'—kw,- e o[+ (-1 a;r]

1

— ———————— " — . 2— — — . 2 —
2(2(11._])(arcs>m([4(k o) = 1]1-(k a_,))

_ {(—l)k(zai—l)l+2[3,-rj , [bk,- m}
—arcsin : . — arcsin —+— (47)
{ Ay

Bj=aj(l—aj)' afj=li(—l)k(l—0!,)r, bkj=(‘l)k(2aj_l)1_(l_2Bj)"

In the limit as o;; — 1 (; — x) we obtain the crack opening in an isotropic poroelastic medium
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2(1-v?)
G

+1(po = P ){ﬁ —ﬁ - E + ,/1 —(ﬂz ]} (48)

If o; < V¥, the expression 80@ - 80, + 1 in (4.7) becomes negative, and in this case, considering
arcctg z and z as functions of complex variables and changing from arcctg z to a logarithmic function,
formula (4.7) can be transformed to a real expression. The range of variation of g; (j = 1, 2) that we
are considering corresponds to roots of the characteristic equation which satisfy the inequality ; >
i=12).

One can proceed similarly when o; > 1, i.e. p; < x. Here it is also necessary to consider the function
in formula (4.7) as a function of complex variables, and after appropriate transformations it can also
be reduced to a function of a real variable.

2
w(r)= l{[l’n—cw“"ﬂ(l’o‘l’m)] I—(.’l;) +

5. CALCULATION OF THE FUNCTION T,

In the general case when solving a non-stationary hydrofracture problem for a transversely-isotropic
poroelastic medium it becomes necessary to construct the functions T, = Im (Q5- Q)2 (@ = 1, 2)
in terms of the pore pressure p(r, z, t), which is a real function of the real variables r and z. To this end
we change from the variables r and z to complex variables ¢; and ¢} (3.7). Then

P _ Iy _
Qa:_a_ ap [ .‘t’ ty +7 d‘t=—l—; TU t 1:’ t,+71 o+
2i 2i 2p

atu 0 2“(1 0 2i ]

iy - 5.1
oL IV[t“ T ta+‘t)d1 (.1)
g 0 \ 20 2p,

(U=dp/ar, V=0p/az)

The boundary values of function (5.1) at z = 0 = 0, using the properties of Cauchy integrals, are
taken along the infinite line z = 0 [19], and also the condition U = V = 0 as  + z* — e, can be repre-
sented in the form

He UG 2iVED
28+ (r—D2ReL - i(r+ 7))

l r oo o0
Or=-7— [ dv] dE] d&f (5.2)
T 0 -0 oo
In obtaining formula (5.2) we used symmetry properties of the functions U and V, associated with
the symmetry conditions of the problem: U(-<, §) = -U(§, §), U, ) = UG, &), (£, §) = V(§, ),
V(gy _C) = _V(E.n t))

From (5.2), the symmetry properties of U and V, and the fact that the roots of the' characteristic
equation are real or complex-conjugate, it follows that

Re 3 Ko(QF+05)=0, T =Im(Q} —Q;)=—$ | dE] dLVEDL(REDE  (5.3)
] 0

a=|

- r-t iua
L&D I6(j; * (28) -(r+1) Im{(ZuaC)z +(’+")z}

Thus, by obtaining for a given time ¢ the velocity field V' = dp/dz in the domain € [0, =), z € [0, =)
from the transfer equation for a permeating fluid (1.3) and then computing the functions T, from
formulae (5.3), one can construct the crack opening from (3.25).
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